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Theme

HE elastic behavior of a rectangular orthotropic plate has

been studied by a few authors making use of the von Karman-
type large deflection theory. Yusuff' has considered the post-
buckling of the plate under edge compression using Fourier
series for both deflection and stress function. The large deflection
of the plate under lateral load has been treated by Basu and
Chapman.? Aalami and Chapman® have also looked at the
problem of the plate under transverse and in-plane loads. In
the last two studies the finite-difference technique has been
used and the solutions have been restricted to a special class of
orthotropic materials.

The present investigation is concerned with the large deflection
behavior of a rectangular anisotropic plate with clamped edges.
The classical nonlinear theory of elastic plates is applied to the
present problem. Hence the classical assumptions for displace-
ments, the strain-displacement relations associated with the
von Kéarman assumptions, and the equations of equilibrium are
the same as in the theory. The material properties or Hooke’s
law can be introduced at the final stage of the formulation of
the governing differential equations. These equations are then
solved by the method of perturbation.* Because of lack of
available solutions for large deflections of anisotropic plates in
literature, the present solution is specified for certain special
cases and then compared with existing solutions.

Contents

Let us consider a rectangular plate of length 24 in the x
direction, width 2b in the y direction, and thickness % in the
z direction under a uniformly distributed load ¢ per unit area.
The origin of the coordinate system is chosen to coincide with
the center of the midplane of the undeformed plate. The stress-
strain relations for a thin homogeneous anisotropic plate may
be written as

Oy Cii Cin Cyg &x
g, |= Ci, Gy Cy &y
axy C16 C26 C66 exy (1)

where C;; is the anisotropic stiffness matrix.

If u(x, y)v°(x,y) and w°(x,y) denote the displacements at
the middle surface in the x, y, z directions, respectively, the
governing differential equations expressed in terms of these
displacements can be written in the nondimensional form

LU+ L,V = —WL,W — IW,L,W (2a)
LU + L,V = =W L,W — AW,L,W (2b)

LW =0+ ULW+ (AU, + VLW + iV,L,W
+ SWALW + AW W, LW + 12 W, LW (29
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where the comma denotes partial differentiation with respect
to the corresponding coordinate and where

A=uab, (=xfa, n=yb U= 12au’/h? (3a)
V= aht,  W=23"2m0%h Q= 24(3"%ga*/C, h*
(3b)
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If the plate is clamped along its edges, the appropriate boundary

conditions are in the nondimensional form
U=V=W=W,=0 at {=+1 (4a)
U=V=W=W,=0 at n= %1 (4b)

Equations (2) are to be solved in conjunction with Eqgs. (4).
These equations will reduce to those for orthotropic plates by
setting C,, = C,s = 0 and to those given by Chien-Yeh* and
Hooke® for isotropic plates by appropriate simplification of
the elastic constants.

Let the nondimensional central deflection of the plate, W(0, 0),
be denoted by W,. The parameters, Q, W, U and V may. be devel-
oped into power series with respect to W, and are assumed to
be of the form*

0 =q W, +q:W5 + - (52)
W = wi({, MWy + wy(, MW + -+ (5b)
U = uf{mWs + u&mWg + - (50)
V=0l )W + vaCmWg + - (5d)

By definition, the following is required :
w,;(0,0) = 1, w3(0,0) = ws(0,0) =--- =0 ©6)
Introducing Egs. (5) into Egs. (2, and 4) and equating like
powers of W,, we obtain a series of differential equations and
boundary conditions. The first approximation gives by equating
the terms in the first power of W,
L,w, =¢q, and

wy=w, =0 at {= 11 (7a,b)

n==x1 (7
which are the differential equation and bounary conditions in

the nondimensional form for small deflection of clamped ani-
sotropic plates. The second approximation leads to

wy=w,=0 at

Liuy + Ly, = —wy Lyw; — Aw, Lw, (8a)
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Lyuy + Lavy = —wy Low, — Aw, Law, (8b)
and u,=0v,=0 at {=+41 and = %1 (8c)
The third approximation yields
Laws = g3 + uy [Lsw, + (uy, + 03 JLow; + Avy Low;

+ 3wy Lswy + Awy w Low; + 34%w, 2Low, (9a)
and wy=w;, =0 at {= +1, wy =wy, =0

at =41 (9b)

The high-order approximation can be obtained similarly
but the series solution is, as in Refs.-4 and 5, taken to be

Q0 =q W+ asW>, W=wW,+w,W> (10ab)
U=uW2, V=0,W (10c,b)

Now we seek the solutions of Egs.(7-9) for a generally ortho-
tropic plate in the form of polynomial
(1 = P21 ~ 7%2(1 + Dyol® + Dyy{n + Doyn* +
+ Dyol* + D3, 0% + Dyy0*n® + Dysln® + Doan*
+ Deol® + D5 0% + Dyyl*n® + D330 + Dy (%0
Dy5{n® + Doen®) (11a)
uy = (1 = Y1 = 1) E ol + Eon + E3ol® + E; (P

+ Epln® + Eoan® + Esol® + Egy{*n + E3u0Pn?

+ Epl?n® + Euin® + Egsn) (11b)
v = (1 = A = 9*)(Ryo + Royn + Ryol> + Ry (1
+ Ri50n* + Roan® + Rsol® + Ry {*n + Ry,
+ Rys0?n® + Riyln* + Rosn®) (11¢c)
(1 =20 — 1525508 + S110n + Soan® + Suol*
+ 83:0%0 4 55,017 + 815007 + Soan® + Seol®

W,

It

W3

+ 85100 + 84200 + S350 + S0t + S50n°
+ Soen®) (11d)
It is seen that Eqgs. (11) satisfy their own boundary conditions,
Egs. (6), and the following requirements :
wi(=0—m=wlm,  wi{,—n) =w(-{n) (12a)

15(0,0) = 0,u)(—{, —n) = —u,(En), uy(§, —1)
= —uy(—{ n) (12b)
v(0,0) = 0,v,(=¢, —m) = —vy((, n), 0,6 —n)
= —vy(={ ) (120)
wal=C =) = wslon), -~ will, —n) = wa(=(m) (12d)

Upon substitution of Eq. (11a) in Eq. (7a), sixteen algebraic
equations are generated by equating the constant term to ¢,
and the terms in % {n, n%, &%, O, On%, O, 1%, 6, On, U,
03, (*n*, {n°, and n° to zero. The fifteen unknowns D;; in Eq.
(11a) can be determined by solving the last fifteen equations
simultaneously. Introduction of these constants in the first
then leads to the solution for g,. The procedure for the deter-
mination of coefficients E;;, R;; and S;; and the unknown g,
are similar to the above.
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It may be observed that these functions can reduce to the
solution for orthotropic and isotropic plates by setting

Dy =Dy =Dy3=D5; =D33=Dy5=0 (13a)
Eyy =Ey = Eg3=E; = Ey;3=E;5=0 (13b)
Rio=R30=Ry;=Rs50=R35; =Ry, =0 (13¢)
Si1 =383 = 813="85; =833 =8;5=0 (13d)

and that the solutions given in Refs. 4 and 5 can be obtained
by the following further simplification :
Dgo = Dyy = Dyy = Dog = 869 = S42 = 834 = So6 =0 (14)
Based on the foregoing analysis, the relation between load and
central deflection given by Eg. (10a), membrane forces and
bending moments (not given here) can be found for any given
set of plate properties, aspect ratio and central deflection. The
stiffness matrix D;; in Eq. (1) can be calculated from the ortho-
tropic properties with respect to the material principal axes by
applying the classical transformation equations. In the case of
small deflection of anisotropic plates, Egs. (10) reduce to Q =
q W, and W= w,({, )W, in which w, is given by Eq. (11a).
The numerical result obtained in this work (not presented here)
is closer to Whitney's® than that obtained by Ashton and
Waddoups’ for the bending moment but, for large degree of
anisotropy, the present solution predicts a deflection lower
than those given by these authors. In the case of a square iso-
tropic plate, the errors of the present approximation in center
deflection, center moment and bending moment at the mid-
point of the plate side are 0.02, 1.08, and 0.58%/, respectively,
in comparison with those given by Timoshenko.?
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